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SMECTICS : A MODEL FOR DYNAMICAL SYSTEMS ? 

E .  DUBOIS-VIOLETTE 
L a b o r a t o i r e  de Phys ique  des  S o l i d e s ,  B d t .  510, 
91405 Orsay Facul tG,  France  

E .  GUAZZELLI 
DEpartement de Phys ique  des  Systgmes D6sordonnGs , 
U n i v e r s i t 6  de Provence ,  13397 M a r s e i l l e  C6dex 13, 
F r a n c e  

J. PROST 
C e n t r e  d e  Recherche P a u l  P a s c a l ,  CNRS, 33405 T a l e n c e ,  
F r a n c e  

A b s t r a c t  The dynamics of t h e  s t r u c t u r e  ( r o l l s  and 
d i s l o c a t i o n s )  a p p e a r i n g  i n  some dynamica l  sys tems 
( i n s t a b i l i t y  above a t h r e s h o l d )  i s  g i v e n  by a n a l o g y  
w i t h  t h e  hydrodynamic d e s c r i p t i o n  of Smect ic  L i q u i d  
Crys  t a  1 s . 

INTRODUCTION 

I n  many n o n e q u i l i b r i u m  sys tems t h e r e  e x i s t s ,  above a t h r e s -  

h o l d  v a l u e  o f  some c o n t r o l  p a r a m e t e r ,  a t r a n s i t i o n  from a 

homogeneous s t a t e  t o  a n  o r g a n i z e d  s t r u c t u r e .  Very o f t e n  t h e  

f i r s t  o b s e r v e d  s t a t e  c o r r e s p o n d s  t o  s t r a i g h t  r o l l s  ( a s  i n  

t h e  c l a s s i c a l  Rayle igh  BGnard c o n v e c t i o n )  see f i g .  1 .  Expe- 

r i m e n t s  i n  ' l a r g e  boxes" ( l a r g e  a s p e c t  r a t i o )  do show as w e l l  

s low s p a t i a l  v a r i a t i o n  o f  t h e  r o l l  s t r u c t u r e  (compress ion ,  

d i l a t a t i o n  and change i n  t h e  o r i e n t a t i o n  of  t h e  r o l l s )  as 

d i s l o c a t i o n  l i k e  d e f e c t s .  I n  what f o l l o w s  w e  s h a l l  n o t  b e  

concerned  w i t h  a comple te  hydrodynamic d e s c r i p t i o n  o f  pheno- 

mena. The p r e c i s e  knowledge of  t h e  mechanisms a t  t h e  o r i q i n  

of t h e  o b s e r v e d  i n s t a b i l i t i e s  w i l l  b e  l e f t  a s i d e .  We s h a l l  

f o c u s s  o u r  a t t e n t i o n  t o  t h e  dynamics of  t h e  o r d e r  p a r a m e t e r ,  
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2 E.  DUBOIS-VIOLETTE. E. GUAZZELLI AND J .  PROST 

c h a r a c t e r i s t i c  o f  t h e  symmetry b r e a k i n g  o c c u r r i n g  a t  t h e  

t r a n s i t i o n  ( t h r e s h o l d  o f  t h e  i n s t a b i l i t y ) .  The b r e a k i n g  o f  

t r a n s l a t i o n a l  symme t r y  i n  one d i r e c t i o n  of s p a c e  ( r o l l  

s t r u c t u r e )  i s  s i m i l a r  t o  t h e  one p r e s e n t  i n  s m e c t i c s  

( l a y e r e d  s y s t e m s ) .  

b e r  o f  r o l l s ,  a homogeneous t r a n s l a t i o n  o f  t h e  r o l l s  w i l l  

r e l a x  i n f i n i t e l y  s l o w l y .  The phase  v a r i a b l e  @ which d e s c r i k  

t h e  p o s i t i o n  of t h e  r o l l s  i s  t h e n  a hydrodynamica l  v a r i a b l e  

e q u i v a l e n t  t o  t h e  p o s i t i o n  u o f  t h e  S m e c t i c  l a y e r s .  The pur -  

pose. o f  t h i s  a r t i c l e  i s  t o  i l l u s t r a t e  on a few exemples  i s s u e  

from r e f .  2 and 3 how t h e  use  of t h e  Smect ic  a n a l o g y  a l l o w s  

t o  u n d e r s t a n d  t h e  n h a s e  dynamics i n  t h e s e  s y s t e m s .  I n  n a r t i -  

c u l a r ,  we w i l l  show t h a t  t h e  e l l i p t i c  s h e a r  induced  r o l l  

i n s t a b i l i t y  i n  Nematics  i s  a n a l o g o u s  t o  S m e c t i c s  C and t h a t  

a wedge i s  analop,ous t o  a t e m n e r a t u r e  g r a d i e n t .  Indeed  i n  

t h a t  c a s e  t h e  symmetry of  t h e  s y s t e m  i s  similar t o  t h e  one 

of  S m e c t i c s  C ( t h e  d i r e c t i o n  of  h o r i z o n t a l  f l o w  i s  a e r -  

p e n d i c u l a r  t o  t h e  a x i s  of  t h e  r o l l s ) .  We s h a l l  now g i v e  a 

g e n e r a l  o u t l i n e  of t h e  main D o i n t s  a l r e a d y  develoned  i n  

r e f s .  2 and 3.  

I n " 1 a r g e  box"samp1es w i t h  a l a r g e  num- 

PHASE DYNAHIC EQUATION 

The dynamics of t h e  p h a s e  4 i s  d e s c r i b e d  by analoRy w i t h  

t h e  w e l l  known dynamica l  

l i b r i ~ m . ~  L e t  us  d e f i n e  

phase  4 = - q u where u 

of  t h e  l a y e r s  ( s e e  f i g .  

b e h a v i o r  of  S m e c t i c s  c l o s e  to equi -  

t h e  r o l l  s i z e  as a = 2 n / q o  and t h e  

s t h e  d i s p l a c e m e n t  ( a s  i n  S m e c t i c s )  

1. The p r e c i s e  form of t h e  e l a s t i c  

f r r e  e n e r q y  F depends  on t h e  tyDe of  t h e  i n s t a b i l i t y  c o n s i -  

d e r e d .  F o r  i n s t a b i l i t i e s  i n  which t h e  wave v e c t o r ,  a t  t h r e s -  

h o l d ,  i s  d e g e n e r a t e  (no p r e f e r r e d  d i r e c t i o n  o f  t h e  r o l l s )  a 

S m e c t i c - l i k e  e l a s t i c  f r e e  e n e r g y  g i v e s  a rood  d e s c r i n t i o n  
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 3 

of  bend o r  comDression of  t h e  l a y e r s .  C o n t r a r y  a n  e l a s t i -  

c i t y  of a 2D-sol id  t y p e  d e s c r i b e s  sys tems where t h e  d i r e c -  

t i o n  of t h e  r o l l s  i s  f i x e d .  

FIGUIIE 1 .  AnaloFry be tween Lnectics l a y e r s  a )  and 
c o n v e c t i v e  rolls b)  

T h i s  h a m e n s  f o r  examqle i n  t h e  c a s e  of  a n  e l l i n t i c a l  s h e a r  

e x c i t a t i o n  and w e  d e f i n e  

F- -jd 1 xdz{B,, (-) a $  2 +B,  (i+f + Higher  o r d e r  te rms .  } ( 1 )  
2 a z  

I n  what f o l l o w s  a l l  l e n q t h s  a r e  s c a l e d  by 1 . Although o u r  

a n a l y s i s  i s  v a l i d  f o r  a l l  t y p e  of  r o l l  i n s t a b i l i t i e s ,  we 

r e s t r i c t  o u r  examples  t o  t h e  e l l i a t i c a l  s h e a r  i n s t a b i l i t y  

( a f t e r  r e f e r r e d  as E . S . I . )  where e x n e r i m e n t s  have  been o e r -  

formed . 
S i n c e  i n  f a r  f rom e q u i l i b r i u m  s i t u a t i o n s  w e  a r e  h r r e  

o n l y  concerned  w i t h  t h e  d e s c r i p t i o n  of  t h e  m a c r o s c o p i c  

s t r u c t u r e  t h e  v e l o c i t y  f i e l d  y, c o r r e s p o n d s  t o  an a v e r a q e  

v a l u e  ( o v e r  t h e  sample t h i c k n e s s ) .  The c o r r e s p o n d i n e  e f f e c -  

t i v e  "Navier -S tokes  ' I  e q u a t i o n s  w i l l  t h e n  depend on boundary 

c o n d i t i o n s .  Indeed  f o r  r i  < i d - r i g i d  (9 -R)  boundary c o n d i t i m s  

t h e  y dependence of v e l o c i t y  f l u c t u a t i o n s  i m p l i e s  modes with 

wave v e c t o r s  1 

t h e  c o n t r a r y  t o  p o s s i b l e  modes q = 0 i n  t h e  c a s e  of f r e e -  

f r e e  (F-F) boundary c o n d i t i o n s .  T h i s  l e a d s  t o  t h e  e f f e c t i v e  

hydrodynami c e q u a t i o n s  : 

n / d  (do i s  t h e  samale  t h i c k n e s s )  and on Y 0 
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4 E. DUBOIS-VIOLETTE, E. GUAZZELLI AND J .  PROST 

where <. = nq; corresponds to a Darcy flow for R-R boundary 

conditions and C = nA for F-F boundary conditions i 
avx avz 
I + - = 0 is  the incompressibility condition ( 3 )  ax a z  

The main point of a Smectic-like description is the natural 

introduction of the coupling t o  the vertical vorticity, al- 

ready present in the permeation equation (the nermeation 

strength is defined by the parameter h ) : 
P 

which was neglected in classical amplitude equations. Ori- 

ginally, amplitude equations valid for large system c l o s e  

to threshold described the dynamics of slow modulations of  

the structure. These equations, as well as the phase equa- 

tion introduced later7 derived from a variational principle 

and only accounted for relaxational behaviors. The introduc- 

tion of the permeation (eq. 4 )  brakes this potential beha- 

vior. This was already pointed out in a different way in the 

second paper of Siggia and Zippelius who found that the 

relaxational equation for the amplitude was seriously in 

error for free-slir, boundary conditions and finite Prandtl 

number. They noticed the importance of the coupling to the 

vertical vorticity leadin? t o  non variational behavior. Our 

description takes into account the coupling between a large 

scale flow and the structure motion o r  deformation. A recent 

analysis9 shows precisely how the presence of long-wavelength 

vertical vorticity lea& to such a drift term correcting the 

classical uhase equation and n l a y i n g  an important r6le in 

the instabilities of straight rolls near onset. 
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? S 

Using eq. 3, the pressure is eliminated in eq. 2 and 

one obtains, coupled to eq. 4 ,  the general dynamical phase 

equation : 

It is worth noticing that in the case of strong permeation 

h + m, the flow of matter and the structure (position of 

the rolls) become independent. One recovers a classical, 
? 

potential phase equation' : 

where in the case of the shear instability : 

10 
Experiments reveal dislocations moving at a uniform 

velocity V . Phase equations ( 5 ) ( 4 )  need t o  be modified i n  

order to take into account singularities introduced by the 

presence of dislocations. 

"JO 

S T R A I N  PATTERN AND V E L O C I T Y  OF A MOVING D I S L O C A T I O N .  

Dislocations moving with constant velocity V correspond to 

solutions $ = $ ( %  - V t) and = v(r-V t) which 

imply - = - V .V in dynamical equations. Dislocations 
induce singularities of the phase @ but not of the compres- 

sion a$/az o r  of the tilt of t h e  layers a$/ax, at least out- 

side of their core (we follow the amroach given in ref. 11). 

m is a vector having for components tilt and comDression. 

A positive (cd = + I) edFe dislocation corresponds to a 

density i : 

"JO 

QO 'Lo 'LO a 
a t  'Lo "J 

'L 

% 

d = v x R = F  2 ' l T 6 x 6  
d Y % 

and  to a quantification for any circuit around it (fig. 2): 

d 1, = 2n F 
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6 E.  DUBOIS-VIOLETTE, E. GUAZZELLI AND J .  PROST 

PIGU'IE 2. Positive (F = + 1 )  edge dislocation. d 

with these definitions the phase equations now reduce to the 

unique one : 

cF F where 1.: stands f o r  - .Q and 

2 . Q  @(m) = R N m 2 1, z + BLmx ( 9 )  

for E.S.I. case (one has assumed a low velocity V comnared 

to the sound velocity). Inversion of the Fourier transformed 

solutions of eq. 8 gives the strain field around a moving 

dislocation n$x,z). Solutions are given in ref. (2). 

2.0 

The main results are the following : the symmetry of 

distorted regions around a moving dislocation is modified 

compared to the static one. The z symmetry of the strain is 

broken by a qlide velocity V and the x symmetry by a climb 

velocity V . There is a ,qreat difference between the front 

and the wake of the motion in the case of a pure glide or 

climb motion. The strain decreases exponentially in the 

front and with a power l a w  in the wake of the motion. The 

screening length Q D/V defininq the front of the motion 

allows t o  determine the phase diffusion coefficients 

02 

ox 

hp q o  2 B,f,L. A fit between experimental and 
Du , L = 

D
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 7 

theoretical strain pattern around the movin? dislocations 

Tives an estimate of D,, ?1 

with theoretical estimate 3,, = c o / T o  where and c o  are 
the slowest relaxation time and influence length close t o  

threshold. 

2 
cm / s  which is in agreement 

0 

T h e  relation between the motion of a dislocation and 

the external stress to is obtained from a momentum halance 
equation which at the end reads : 

2 

where td and pd are the stress and strain due t o  the dislo- 

cation. On0 recognizes in the left hand side of eq. 10 a 

typical Peach-Koehler force P actin? on dislocations in 

classical crystals1'. The right hand part is estimated with 

use of the phase dynamiral equation 8. This leads t o  the 

he dislocat relations between the external stress and 

velocity : 

P x = + E  a o =  
d z 'xx "ox 

on 

1 )  

Expressions of "effective" viscosity coefficients A which 

already deqend on dislocation velocity VO 

f o l l o w i n g  typical behaviors*: 

- Smectics or F-F Rayleiqh B6nard : 

ij 
lead t o  the 

1 very small Xxx % const 
v O Z  

- 1  13 

- 1  / 2  

'L 

Axx A Z z  'I. const > >  " 0 2  

voz '> "ox xxx ,I voz 
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8 E. DUBOIS-VIOLETTE, E. GUAZZELLI AND J. PROST 

- R-R R a y l e i g h  Bsnard : 

2. v-I  I 3  
Axx ox 

- E .  S .  I. 

: h and X z z  are  v e l o c i t y  d e p e n d e n t  ox '  voz xx F o r  a l l  V 

(exact  v a l u e s  a r e  g i v e n  i n  r e f .  ( 2 ) ) .  A t y p i c a l  b e h a v i o r  a t  

low v e l o c i t y  i s  of t h e  t y p e  

i s  a t y p i c a l  s h o r t  l e n g t h  s c a l e .  

2, V, l og  (4, D/V) where qc 

F o r  t h e  c r o s s o v e r  be tween t h e  d i f f e r e n t  reg imes  see 

r e f .  2 . One r e c o v e r s  f o r  a p u r e  c l i m b  mot ion  t h e  S i g g i a -  

Z i p p e l i u s  law P 

b u t  one p r e d i c t s  a t r u e  v i s c o s i t y  X " c o n s t f o r  l a w  v e l o c i -  

t i e s  i n  t h e  F-F c a s e .  I n  a l l  t h r e e  c a s e s  t h e  c l i m b  v i s c o s i -  

t y  h x x  i s  lowered  by g l i d e  o r  c l i m b  mot ion .  

% V 2 I 3  f o r  a l l  v e l o c i t i e s  i n  t h e  3-R c a s e  x ox 

xx  

DISLOCATIONS X O T I O N  I N  A WEDGE SAIPLE 

Exper iments  have been per formed i n  wedgalsamples  of a n g l e  

e and t h i c k n e s s  d = d + :.$ . Here we o n l y  c o n s i d e r  a wedge 

of  t h e  t y p e  e z  = e . z  and f o c u s s  o u r  a t t e n t i o n  t o  symmetry 

p r o p e r t i e s .  The i n s t a b i l i t y  i s  induced  by a p p l y i n g  a n  e l l i p -  

t i c a l  s h e a r  ( d i s p l a c e m e n t  of t h e  u p p e r  D l a t e  of t h e  form 

%= xo s i n  w t ,  

The t i l t  d i r e c t i o n  of  t h e  wedge i s  a d j u s t e d  i n  o r d e r  to be  

p e r p e n d i c u l a r  t o  t h e  r o l l  a x i s  (Ox) ( f i g .  3). N u c l e a t i o n ,  

a n n i h i l a t i o n  and mot ion  of d i s l o c a t i o n s  are  o b s e r v e d .  

N u c l e a t i o n s  of  p a i r s  o f  d i s l o c a t i o n s  a a o e a r  p r e f e r e n t i a l l y  

on a p a r a l l e l  t o  t h e  e q u a t o r  ( z  2 c o n s t . ) .  

3 

% =  z coswt i n  a homeot ropic  n e m a t i c  samale). 
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 9 

FIGURE 3 .  I?redge of anELe $ = (3, e Z )  

Both glide and climb motions are observed. A schematic 

drawing of the defect motion of vositive o r  neqative sisn 

( E ~  = 2 1 )  is given in f i q .  4 .  

L .T. S.T. L .T. 

S .T. L .T. S.T. 
FIGUSE 4 .  Schematic drawins of dislocation motion in a 

wedqe 
a) anule of the wedge 0 and negative sense of 

rotation of the ellintical shear (E < 0) 
b) anfile of the wedp,e - 0 and negative E 
c) anqle of the wedqe 8 and positive E 
L.T. and S.T. mean large and small thickness 

The sizn of e does not seem to affect dislocation motion. 
On the contrary, a change of the sense of the elliptical 

shear (E  + - E) induces a glide direction modification. A 
systematic study of the dislocation velocity V versus the 

%O 
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10 E. DUBOIS-VIOLETTE, E.  GUAZZELLl AND J .  PROST 

p o s i t i o n  i n  t h e  whole c e l l  h a s  n o t  been  p e r f o r m e d .  Observa- 

t i o n  i n  a r e y i o n  c l o s e  t o  t h e  e q u a t o r  i n d i c a t e s  a n  i n -  

c r e a s i n g  g l i d e  v e l o c i t y  V b u t  an e s s e n t i a l l y  c o n s t a n t  

c l imb v e l o c i t y  V as a f u n c t i o n  of  a n  i n c r e a s i n p  wedqe 

a n g l e  0. The n a t u r e  of t h e  mot ion  a s  a f u n c t i o n  o f  t h e  s i g n  

o f  t h e  e l l i p t i c a l  s h e a r  i n d i c a t e s  a Smect ic  C b e h a v i o r .  T h i s  

b e h a v i o r  i s  a l r e a d y  e v i d e n c e d  by t h e  n r e c i s e  t h e o r e t i c a l  

knowledge of  t h e  e l l i p t i c a l  s h e a r  i n s t a b i l i t y .  The d i r e c t i o n  

of t h e  r o l l s  Ox a p p e a r s  a t  a n  a n E l e  a w i t h  t h e  a x i s  Ox of  

t h e  e x c i t a t i o n  ( f i g .  5). T h i s  d e f i n e s  a d i r e c t i o n  e q u i v a -  

l e n t  t o  t h e  d i r e c t o r  i n  a S m e c t i c  C .  

3 

oz 

ox 

5 

E 

TI', . '> .  1 j ' r ' c t i o n  i n  an e l l i n t i c a l  s h e a r  i n s t a b i -  
l i t y .  

The hydrodynamica i  v r l o r i t y  T e t s  two non z e r o  comnonents V , 

V i n  t h e  h o r i z o n t a l  p l a n e  such  t h a t  a chance i n  t h e  r o t a -  

t i o n a l  s e n s e  of  t h e  e l l i u t i r a l  e x c i t a t i o n  i n d u c e s  t h e  chanpe 

a + - (I b u t  a l s o  (V .Vz) + - ( V  . V  ) .  The f r e e  e l a s t i c  e n e r w  

i s  w r i t t e n  tak ino ,  i n t o  a c c o u n t  t h e  s t a t i c  c o u p l i n g  ( t e r m  C 

i n  e q .  13) between t h e  wedqe and t h e  r o l l  s t r u c t u r e  t h e  p e -  

r i o d i c i t y  of  which deoends  on t h e  samnle t h i c k n e s s .  0 i s  

e q u i v a l e n t  t o  a t h e r m a l  o r a d i e n t  0;T i n  q m e c t i c s  o r  i n  cho-  

l e s t e r i c s  which  l e a d s  t o  t h e  m o d i f i c a t i o n  o f  t he  l a y e r  

p e r i o d .  

X 

x 2  
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 

The l a s t  two t e r m s  are  c h a r a c t e r i s t i c  of a Smect ic  C s t r u c -  

t u r e .  The e l a s t i c  c o e f f i c i e n t  E c h a n g e s  i t s  s i g n  w i t h  t h e  

r o t a t i o n a l  s e n s e  of t h e  e l l i p t i c a l  s h e a r .  An e s t i m a t e  of 

c o e f f i c i e n t s  C and C '  i s  o b t a i n e d 3  

of t h e  sys tem c l o s e  t o  t h e  i n s t a b i l i t y  t h r e s h o l d .  One g e t s  : 

w i t h  u s e  of p r o n e r t i e s  

C '  = E l 7 1  ( 1 4 )  

C = B / . r r  (15) 

I n  p r e s e n c e  of a wedqe t h e  p e r m e a t i o n  e q u a t i o n n o w r e a d s :  

where C,, and 5, a r e  r e s p e c t i v e l y  c h a r a c t e r i s t i c  of a Smect ic  

A and C .  They a r e  e q u i v a l e n t  t o  t h e  thermornechanical  coupl inq 

i n  C h o l e s t e r i c s  (Lehmann e f f e c t ' ?  and Srnec t ics  and r e m i n i s -  

c e n t  of t h e  S o r e t  r f f r c t  i n  b i n a r y  m i x t u r e s , "  

The p r e c i s e  form of  t h e  s t r e s s  0' depends s t r o n q l y  on 
'i, 

e x p e r i m e n t a l  c o n d i t i o n s .  I n  f a c t  i n  t h e  l a r g e s t  t h i c k n e s s  

r e g i o n  e x p e r i m e n t s  show t h a t  t h e  sys tem i s  s u h r r i t i c a l  : 

t h e r e  i s  n o  stress on t h e  r o l l s  (ao - - Q: = o a t  z = v L / a ) .  

F u r t h e r m o r e  one d o e s  n o t  o b s e r v e  a n y  l a r g e  s c a l e  mot ion  of 

t h e  s t r u c t u r e  (no  " m a c r o s c o p i c '  f l o w  o t h e r  t h a n  t h a t  a t  t h e  

a e r i o d i c i t y  of  t h e  r o l l s )  and c o m p r e s s i o n ,  o r i e n t a t i o n  of  

t h e  rolls d o  n o t  depend on x.  A l l  these f e a t u r e s  i m p l y  a 

stress f i e l d , $ '  of t h e  form : D
ow
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12 E. DUBOIS-VIOLETTE, E. GUAZZELLI AND J .  PROST 

(18) @ O = B  - - - + E - - + C C d  a@o a @ o  
z I/ az ax 

satisfying eq. 16,written with V 
copic" f l o w )  : 

= V = !!!k = 0 (no "macros- x y at 

which leads, taking boundary conditions into account (assu- 

ming a rectangular cell between z = - L and z = + L ) ,  to : 

and 

( 2 2 )  
i l  n L  

P 0 

Oo = (E/B, , )  (r) e ( z  + a) for a wedqe - 8 

First notice that the "thermomechanical" coupline 

x 

induces a stress linearly increasing with z .  In a Smectic A 

only a stress @ is induced. The stress 0' is much lower 

than @: since one expects E/B,, < 1 .  In large samples there 

will be regions where the stress will exceed the critical 

stress 0' for nucleating dislocations. This will occur on 

parallel lines defined by z = const. One would have nerio- 

dic emission of dislocations just as one has periodic emis- 

sion of vortices in a Josephson junction. We shall not 

consider here the question of nucleation but rather a si- 

tuation in which an isolated dislocation gets a uniform 

0 

X 
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 13 

motion of velocity V induced by the stress due the wedKe 

( eqs .  19-22). The procedure is similar to the one defined in 

section 3. In fact the dynarnical phase equation will differ 

f rom eq. 8, since Smectic C"Navier-Stokes" equations are dif- 

ferent from Smertic A one. Strain field td around disloca- 
tion and friction coefficients are qiven in ref. ( 3 ) .  Due 

to Smectic C symmetry properties, cross terms X = 

now exist in the expressions relatiny the applied stress 

0' and the velocity V 
?1 'LO 

'LO 

xz Xzx 

of the disloration : 

Px = E d Q 0  z = 'xx 'ox + 'xz '02 ( 2 4 )  

These relations imoly both glide and climb motion of the 
dislocations. 

where h is of the form X = - EX' and h x x ,  X and 

A' are positive quantities. First let us notice that for a 

hectic A analogy onlyclimb motion ispossible : E = 0 

Sives A = 0' = 0 =+ V = 0. One recovers the properties 

described in fig. 4 .  A change in the sense of rotation of 

the ellipse 

XZ XZ XY 

xz x 0 2  

E - f  - E  

implies : 4; -+ 0' 
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14 E. DUBOIS-VIOLETTE, E. GUAZZELLI AND J .  PROST 

A X X ' A Z Z  + Azz 

which c o r r e s p o n d s  t o  : 

+ v  
ox 

O Z  
voz + - v 

I t  i s  a l s o  c l e a r  f rom e x D r e s s i o n s  19-22 t h a t  a change 

0 + - 8 a f f e c t s  n e i t h e r  Q o  n o r  Q o  i n  t h e  c e n t r a l  r e q i o n ,  

which c o r r e s p o n d s  to e x p e r i m e n t a l  o b s e r v a t i o n s .  L e t  u s  now 

i n t e r p r e t  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  : V o z  depends  l i n e a r -  

l y  on B b u t  V 2. c o n s t .  F o r  s i m p l i c i t y  w e  c o n s i d e r  t h e  

l i m i t  E << B,, , B, ( T h i s  i n e q u a l i t y  i s  s u g g e s t e d  by t h e  

f a c t  t h a t  t h e  s t r a i n  p a t t e r n ,  as a i v e n  by t h e  S m e c t i c  A 

a n a l o g y  p r o v i d e s  a s a t i s f a c t o r y  a c c o u n t  o f  e x p e r i m e n t s 2  ) 

which q i v e s  : 

OX 

- -  
"02 - ' d @ : ' A ~ ~  

= E Q O / X  'ox d z xx 

0 C 
S i n c e  Q >> Qz ( r a t i o  B,,/E) t h e  c r i t i c a l  s t r e s s  @ i s  

f i r s t  r e a c h e d  by 0 . T h e n  Qo i s  bounded by @' and one 

e x p e c t s  a v e l o c i t y  V bounded by t h e  c r i t i c a l  s t r e s s .  On 

t h e  o t h e r  hand ,  a l t h o u g h  0' 

V o z  c a n  b e  comparable  o r  l a r g e r  t h a n  V 

s m a l l e r  3 t h a n  X ( r a t i o  (BL/B,, ) *  ( 0 . 0 6 ) 2 > .  

0 

ox 
i s  much s m a l l e r  t h a n  Qo 

X 2'  

s i n c e  h i s  much 
0 2  z z  

xx 
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SMECTICS: A MODEL FOR DYNAMICAL SYSTEMS ? 15 

CONCLUSION 

The n a t u r a l  q u e s t i o n  l i n k e d  t o  t h e  use o f  t h e  a n a l o g y  deve-  

loped  i n  t h i s  r e v i e w  i s  of  c o u r s e ,  how f a r  c a n  one goes  

w i t h o u t  h i t t i n g  a s e r i o u s  f u n d a m e n t a l  p roblem due t o  t h e  

p r o f o u n d l y  d i f f e r e n t  n a t u r e  of f a r  from e q u i l i b r i u m  systems 

and thermodynamical  one ? A l l  t h e  e q u a t i o n s  we have i n t r o d u -  

ced a r e  e x o e c t e d  t o  h o l d  i n  t h e  so  c a l l e d  hydrodynamic r e t i -  

me ( i .  e : l o n g  w a v e l e n g t h  f l u c t u a t i o n s  and lonK t i m e  beha-  

v i o r ) .  A s  s u c h ,  t h e y  f a i l  c l o s e  t o t h e  c o r e  o f t h e  d i s l o c a t i o n s  

b u t  do p r o o e r l y  d e s c r i b e  t h e i r  f a r  f i e l d  D a t t e r n .  T h i s  i s  

a f a i r l y  s t a n d a r d  s t a t e m e n t  f o r  thermodynamical  s y s t e m s  

which h o l d s i n  t h a t  c a s e  as w e l l .  F o r  i n s t a n c e ,  t h e  deforma- 

t i o n  p a t t e r n  a round a s t a t i c  edge d i s l o c a t i o n  c a l c u l a t e d  

by de Gennes f o r  S m e c t i c s ,  h a s  been shown t o  be  r e l e v a n t  t o  

some c a s e s  of  r o l l  i n s t a b i l i t i e s  . Taking  a c c o u n t  of d i s l o -  

c a t i o n  mot ion  and of  more r e s t r i c t e d  s y m . n e t r i e s , a s  we have  

shown h e r e , a l l o w s  t o  f u r t h e r  e x p l o i t  t h e  a n a l o g i e s  w i t h  

thermodynamical  s y s t e m s .  One c a n  even  s a y ,  t h a t  f a r  f rom 

e q u i l i b r i u m  r o l l  s t r u c t u r e s  a l l o w  t o  v i s u a l i z e  phenomena 

which would be  e x t r e m e l y  h a r d  t o  s e e  d i r e c t l y  i n  S m e c t i c s .  

F o r  i n s t a n c e  t h e  v e r y  l a r g e  asymmetry of t h e  s t r a i n  D a t t e r n  

o f  a moving d i s l o c a t i o n  can be s e e n  by d i r e c t  m i c r o s c o n i c  

o b s e r v a t i o n  i n  t h e  Nematic  s h e a r  i n s t a b i l i t y  whereas  i t  would 

r e q u i r e  much more e l a b o r a t e  t e c h n i c s  i n  S m e c t i c s .  S i m i l a r l y ,  

t h e  thermomechanica l  c o u p l i n e ,  i n t r o d u c e d  by L e s l i e  i n  Cho- 

l e s t e r i c s  , t o  i n t e r p r e t  o b s e r v a t i o n s  of  Lehman a t  t h e  

beqinninr :  o f  t h e  c e n t u r y  h a s  n e v e r  been e v i d e n c e d  i n  

S m e c t i c s  : t h e  c o n t i n u o u s  e m i s s i o n  and mot ion  of  d i s l o c a -  

t i o n s  r e v e a l s  t h e  e x i s t e n c e  of  i t s  e q u i v a l e n c e  i n  f a r  from 

e q u i l i b r i u m  s y s t e m s .  T h u s , w i t h  s e r i e s  of  exemples  i n  f a v o u r  

of  t h e  u s e  of  t h i s  a n a l o g y ,  one miqht  t h i n k  t h a t  i t  c a n  be  

1 4  

1 5  
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16 E. DUBOIS-VIOLETTE, E. GUAZZELLI AND J .  PROST 

use without any precaution. There are however three funda- 

mental differences between these classes of systems. First, 

the similarity of these equations results from the use of 

spatial symmetry and linearization ; in a system close to 

equilibrium one has additional symmetries due to time rever- 

sibility (Onsager reciprocal relation) which have no reason 

to hold in far from equilibrium systems. In fact, this is 

why there is no need to introduce an equation analogous to 

the heat transfer equation in the wedqe problem. This ab- 

sence of symmetry in the "transport1' coefficient may have 

profond consequences. Secondly the far from equilibrium 

systems are essentially Brownian : to that respect they are 

simpler than Smectics for which a ronventional hydrodynamic 

approach simply does not hold. At last non linearities 

may be totally different in Smectics and roll systems. 

16 
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